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FACING AN UNCERTAIN FUTURE¥

by

William M. Gorman

1. Introduction and motivation

Economists often assume that organizations use criteria of the form

I t
(1.1) Y c E[f(y )]
t=0
in deciding on their actions, where E(+) is an expectations operator.

If you like: that they seek to maximize the mathematical expectation of

a discounted utility stream. This is a special case of an additive

criterion
st
(1.2) e y,)
' s,t
where Yat is a vector of flows which occur in period t if state s
obtains.

The convenience of assuming (1.1) or (1.2) is clear. Is either
justified: They require, after all, that utility is additive over time,

and over states, and that the same normalization does for each.

In many problems, all three of these results arise as the joint
products of single argument. This is because addition is, effectively,
the only strictly increasing associative operation. Suppose for instance,

that

*¥This research was supported by the Office of Naval Research Grant
ONR-NOOO14-7-C-0685 at the Center for Research on Organizational Efficiency,
Stanford University.
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Figure 2: The Social Welfare Function - Bentham & Bernouilli at a stroke.
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(1.3) £(w,x,y,2) = d(w,8(x,y),2) = elw,x,ely,z)] ,

where all functions are continuous, and * 1/ in the subutilities, 8§,
€. We then say that XxX, XxZ are both separable, where X 1is the

space of Xx,.... This is possible iff
(1.4) f(w,x,y,2) = glw,a(x) + b(y) + c(z)] ,

where g(') is continuous and g(w,‘)*. The secret is the overlap between
(x,y) and (y,z), or, better, between X x Y and Y x Z. To be able to
tear y out of its association with x in 6&(x,y), and put it in with =z
in e(y,z) instead, one effectively needs addition, or at least a strictly
increasing transformation g(w,+) of it.

What one wants to generate a criterion like (1.2) is a considerable
number of such overlaps.

Consider the following, related example. A society contains a

finite set H of self regarding households, h, and faces a finite set S

of possible states, s, of the world. h consumes Yis in state s and
is interested only in its own welfare
(1.5) ah( ) = (y, ) = h's consumption vector

* *h X hs’'ses i

while society as a whole is only interested in the welfare of its members
as judged by themselves and wishes them all well. It is accordingly guided

by a * Social Welfare Function

(1.6) W= a[ah(xh)lh € H] = f(yhslh € H,s €S) , say .

,...

o
{
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Figure 3: Illustrating Al
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Society also satisfies Samuelson's weak independence axiom in the

form

(1.7) f(xhslh € H,s €8) = b(Bs(zs)|s esS) , b(+) f .

where all functions are assumed continuous. Both continuity and the very
strict monotonicity needed can be derived from the Debreu [1960] approach
followed by Gorman [1968], for instance.

In this case each Xh Yh , and each Z is separable.

= I
hGHYhs
Each pair Xh,Zs actually overlap, in Yhs’ so that it is not surprising

sES

that (1.6) and (1.7), common assumptions in welfare economics and the
theory of choice under uncertainty respectively, Jjointly impliy that we

can write

(1.8) w=]J fhs(yhs) =7 ah( = ] 8%
hel hel s&S
s&S

where

(1.9) a’(x,) = Z *(vyg)

(1.10) B%(2,) Z 5y,) >

are the overall welfare, or utility of household h, and of society as a
whole in state s: Bentham and Bernouilli at a stroke - and with the same

normalization holding for each.
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Why not apply a similar analysis to time and uncertainty in the
case of an organization as to households and uncertainty here? Once one
assumes Samuelson's weak axiom for uncertainty in the form (1.6), one has
a considerable choice of assumptions about time to replace (1.5). One
can assume the exact analogue, that each period is separable from soci-
ety's point of view, or that the future from each period forward is, to
take two simple possibilities, either of which yields (1.7)-(1.9) with h
now standing for timef)
w*'Unhappily, tiﬁe and uncertainty are not orthogonal in this pleasant
manner. Instead, the world unfolds before us as we meander through time.
Contrast Figure 2, facing page 2,-with-Figure 3, Here I go to the other
extreme and assume that the world unfolds itself in a predetermined manner.
We do not know who will be elected President in November, but we do know

2/

that someone will be.= This is the model I will explore.

Before proceeding further with this model may I discuss the argu-
ment whereby Samuelson, in particular, derived additivity over states.

He replaced his weak axiom (1.7) by a strong axiom which states that each

set of states of the world is separable, not just the individual states

themselves. The idea is, I suppose that once one knows that one will be

in some one of a particular set of states it would be absurd to allow one's
calculations to be affected by what one might have done, if in some quite
different state. This yields innumerable separable spaces, which overlap

most satisfactorily, and yield the required additively separable criterion

(1.11) ! (v,
seS

as is proven by Debr.u [1960].
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The bother about that argument, as I see it, is that it assumes
from the outset that we are all very bright, and especially so at compu-
tation. A similar approach involving time as well would be even more
demanding.

The approach I take in this paper is based on the contrary idea,
that we are pretty limited beings, only able to hold a few ideas in our
minds at a time, and accordingly unwilling to attempt difficult calcula-
tions until we really need to, and that organizations are collectively
quite as limited as their members. It is interesting that, in Britain
at least, it is the politicians, representing the biggest organization,
who take pride in not crossing bridges until they come to them!

To be precise, I assume that we look ahead two periods in detail,
summarizing the impact of our choices on more distant prospects in a

1"

single figure - "capital," if you like. Should you believe organizations

to be more far-sighted, use a k-period rolling horizon, with k > 2. The
results will be much the same, though the end effects will last longer.

The other notion underlying this discussion is that, dull though
we are, we manage quite well. In particular, we do not spend much time
bewailing missed opportunities. If so, this may be another piece of
stupidity - we do not realize we missed them 3/ - or a piece of benign
sociobiological economy which saves us from wasting our limited mental
resources on lost causes. In this paper I explore another alternative:
that our tastes are adapted to our abilities, so that we can really satisfy
them quite well - to wit perfectly - by these limited procedures. Man

grew as a social animal and his ability to organize developed as he did,

so that T will use the same argument about organizations. I doubt myself
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Figure 3: Illustrating Al and A2
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whether we do look ahead as clear-headedly in organizations as we do as
individuals - for one thing individual members may become politically com-
mitted to particular policies, and be unwilling to recognize unfavorable
developments. One reason why British politicians are unwilling to cross
bridges until they come to them is probably that they realize the danger
of precommitting themselves in public. Nevertheless, I will assume that
we are.

Of course, this is all rather dishonest. The motivating idea of
my analysis is the need to economize in computing. Yet computing costs
are nowhere to be seen in it. I claim that my assumptions are made more
realistic than Samuelson's; since they imply and are implied by virtually

L/

the same results, implicitly I assume pretty well what he does.—

Perhaps, I should repeat that, despite the absence of probabilities,

this paper is about uncertain futures. One can introduce probabilities
into treatments of this type by, e.g., defining them as "the proportion
of equally likely alternatives" which are favourable to an event. Fre-

quently, they seem to me to obscure, rather than enlighten.

2. More about separability

Consider the world as seen from an arbitrary initial point O,
from which paths into the future radiate, as they do from r 1in Figure
3. I will deal with the set R of such nodes r, including O itself,
and assume a continuous preference ordering “y7 defined or the connected,
topologically separable,éj product space Y_ = Iy , Where yr (S Yr

R r€eRr

may be thought of as the output vector of the organization at node r.

®
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Figure 3: Illustrating Al and A2
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I will assume that each sector Yr is strictly essential: what
happens on it matters, whatever is happening off it.
I will call all this Assumption Al. It implies that the prefer-

ence ordering may be represented by a continuous criterion function
0
(2.1) £ (yg)

Consider Y = rgSYr,Eig R. I hold production Yag = iws off Y

constant and define the conditional preference ordering (% S|§NS) on Ys

in the obvious manner. It can be represented by the continuous criterion
S - _ 0 -
(2.2) o ygly,g) = £ (ygs¥ag)

Iff this ordering is the same for each 5& €Y, o> we say that Yg is

S
separable. In that case the condition ims does not matter. Accordingly,
let us take an arbitrary vector in YR as basis, call it 0O by the simple

procedure of measuring Yp as a deviation from it. Then

(2.3) 2y = %5y - & dens L Sy b,

(2.1) Slyg): = Plyg0,4) -

I will make copious use of this normalizing device in Section 3.
Note the strict monotonicity of the higher order utility function, fo('),
in the lower, fs(-). This is always so, given Al, as is the continuity

of gs(-). I will use these facts continually in Section 3 as well.

v.q




Figure 1: Illustrating overlapping separable spaces
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sets D, E, with their subutilities &(x,y), ely,z) and the associated

separable spaces, or sets, with their normalized subutilities.
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Given all this, (1.3) = (1.4) is the basic theorem in this field.
It allows us to determine functions for which given collections of spaces,
Ys = rgBYr’ S C R, are separable.

For the present let us talk of the sets S8 CR as being separable,
rather than the corresponding spaces YS.

Look at Figure 1 opposite again.

(1.3) = (1.4) is equivalent to saying that, if D, E are separable
and overlap, then D\ E, DNE, E\ D, DAE, and DUE are also separable.
In (1.3) the spaces corresponding to D and E are X x Y and Y x Z,
and, to the other, X, Y, 2, Xx 2 and X x Y x Z in turn, with subutilities
a(x) + bly), b(y) + c(z), a(x), bly), c(z), a(x) + c(z), and a(x) + v(y) +
c(z) respectively. Call a collection A of subset S CR complete if it
contains R, the empty set @, and, with overlspping D, E, the list assoc-
iated with them above, and the completion A(B) of any collection B of
S C R, the intersection of all complete collections containing it. To
know that the elements of B are separable is to know that those of A{B)
are under Al.

As it happens, complete collections have a particularly simple
ordering under set inclusion "D", and the structure of the utility func-
tion mirrors it. This is discussed at length in Gorman [1968], continu-
ing Debreu [1960] and Leontief [1947]. All we need to know here is the

following: take a continuous function h(xl,xz,...,xn) defined on

X, ¥ X 0% ..., X Xn. It can be put in the form

n
(2.5) ) hj(xj) ,
=1

'4




v.r.vvn—vvvwv—rﬁw irvv~ -

Figure 3: Illustrating Al

Time: 0... p-1 P

e e e e e e e e s s o e o e P

=1k~

and A2

p+l1 p+2 p+3 ... T

Parity: 6(0).. 6(q) e(r) o(s) . e(t) | e(u) ... o(w)

/
0 {C.-' r
Ys ™ q Yr
-~ o

Part of the stream of time

a) uptesereq
b) t¢2r, u¢3r, u¢4q, etc. .
c) Xg = (xr,yr), each sér

d) z. = (xg¥), sér

u -
t y had PNy
-t
.yt ~
ys Pl etc
SNS~————
N
g
¢r ¢2r ¢3V
zr'—*
Yg? zs.—*
< Xgs Yy 2y
- Xu? Yue Zy -

.«




[
b -15-
d
‘(? by a continuous * transformation iff V. = _g'xj is separable for each
} JF1
L)
L_ i=1,2,...,n. The corresponding subutilities are, of course, | h“(xj),
- J#i
each 1.
b This is the result which I will bring to bear in Section 3. Before

reading it, may I remind you of the tree, in Figure 3, which we will study
there, and the notation defined below it.

In particular, at node r: xr is past output, yr current output,
and zr a vector of possible future outputs, along all the paths directed

from r into the future.

Let me remind you that I will use normalizations such as (2.4) very

frequently, and that Al assures that all my functions will be continuous ]
in all their arguments and ¥ in the "subutilities" among them, as in (2.3).
. 3
3. Main analysis §
Look at Figure 3 again, opposite. It represents a particular type
of unfolding future. At a given node r, one does not know what is about 'f
to happen, but does know the possibilities facing one; and, looking forward -
from r to some wvyr, one knows what questions will be answered at v,
should we ever reach it, though not what the answers will be. @
Think of Figure 3 as representing the outward flow of blood from ]
the heart 0, if you like. Major arteries divide into smaller and yet : ;
smaller ones, then into major capillaries, .... Think of the organization 'j
as a corpuscle carried along in the blood stream. Having reached r it '
does not know down which of the succeeding channels it will be carried, but
it does know that it will be one of those leading directly to an sé¢r - 'j
1
»
1
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Figure 3: Illustrating Al and A2

Time: 0... p-1 p

Parity: 6(0).. o(q) o(r)

/
0 /,/ r
ys \\\ q yr
,/
N\
N

Part of the stream of time

a) ugtesereq
b) t%r, ue3r, u¢4q, etc.

c) X = (xr,yr), each sér

d) z,. = (xg,Yg), sor

p+tl1 p+2 p+3 ... T

6(s) o(t) o(w ... 8w

U
t ¥ -~ ——
Y =2
Y — etc.
N ~—————
N
Pt e
\——-———
or ¢2r ¢3T
z, —
Ygo z, —
t? Yi» 2y
- Xy Yur 2 -

v v e = 0w

PRI Y WY ST PP




17~

that is to a direct successor of r - and that it will reach that s in

the next period, if at all.

Now for some formal notation, spelled out under Figure 3. PFirst

successors:

(3.1) to'r iff t¢T—ls » some s¢r , T = 2,3,... ,
(3.2) t¢lr iff tér r¢or ,

(3.3) tyr iff t¢'r , some ¢t = (0,1,2,...,T7) .

Next the period:
(3-’4) G(r) =p ’

in which r occurs if it ever does. If t¢Tr,

(3.5) 8(t) =p + 1
We choose
(3.6) 8(0) =0 , so that o(r) = p iff r¢0 .

Next output:

(3.7) X 5 Y. s Z_ o,

stand respectively for past, present, and potential future output vectors

at r. Hence

- - - PO - a a. k-

4.‘

PN Sy
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and A2
pt+1l pt2 pt+3 T

e(s) o(t) eolu) ... o({w)
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(3.9) z
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—
e
"
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g

May I now remind you that the aim of this analysis is to derive

the common form

(3.10) £ (x,ny,02,) = Lol ly,)
vyr

of the criterion function at r,

(3.11) each r € R = y0 = {r|ry0} ?
Remarks
i) Note the assumption, implicit in the form fr(xr,yr,zr), that,

given that it has reached r, it does not matter what the organization
might have chosen, had the world evolved differently. The form X av(yv),
on the right-hand side, implies that the actual behaviour in the ;i:t, xr,
does not matter either. While this may be less repugnant for organizations
than individuals, one would not like to assume it from the outset. Hence,
I

the x in f
r

Xr’yr’zr)'

ii) Note, too, that we do not have columns, representing states of the
world, overlapping rows, representing time periods, in the way which
yielded additive separability in a related problem in Section 2. If over-
laps are needed for additive separability, they will have to be introduced

explicitly, as in the assumption, A3 below, about the existence of a two-

period rolling horizon. This assumption does not give the necessary

v
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Figure 3: Illustrating Al and A2
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overlaps at the very beginning and very end of the organization's life -
so that we never quite get (3.10). Very similar results, with longer-
lived end-effects, can be found with a k-period rolling horizon when
k > 2.

If you think of T as at all large, and the distant future as not
being of critical importance, these end effects scarcely matter. In any

case, I will assume

(3.12) T >3

as a minimum. Include it in Al. In addition, to Al, and the rolling

horizon A3 Jjust mentioned, I will need

A2 Assumption 2: Very weak independence assumption
(3.13) fr(xr,yr,zr) = gr('xr,yr; fs(xs,ys,zs)|s¢r)
(3.14) = g (x £ (x 2, ) | s¢r)
where
(3.15) g (x oy _,0) is *
Remarks
i) (xr,y%)= x, is repeated in (3.1L) for each s¢r, so that g (+)

is not strictly the same there as in (3.13), nor even uniquely specified.

The values are the same, and the notation is convenient.

a—ak
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Figure 3: Illustrating Al and A2
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ii) I use '

sér' 1instead of '(')S¢r‘ where it seems simpler. Its
domain extends back to the previous ';' if there is one. In either case
'e' 1is taken for each s¢r. I have dropped the quantifier to preserve

the analogy with the normal notation.

iii) Why: very weak independence axiom? ]
Samuelson's weak axiom may be written in the form 1
L'i
1
(3.16) 2(z) = g(:*(y )|s €9) , say s()} j
all functions being continuous. It ignores both past and present output, N
4
xr, %_ at the point of consideration r. (3.13) seems weak since
(xr,yr) = x_, appears through each of the future criteria fs(xs,ys,zs),s¢r,
and also as an additional argument in gr(-). L B
1
Next to show that A2 implies consistency over time in an obvious 3
ESEEE:éj
Remember that I warned you in Section 2 that I would make copious o
use of normalizations based on the arbitrary reference vector. j
}
(3.17) ¥= )R =0 > ®]
1
without loss of generality. 1In particular, I will set
(3.18) P =0 , Vrer , °
again without loss of generality.
Note now that .A




Figure 3:

Time: 0... p-1 P

Parity: 6(0).. o{q) e(r)
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Part of the stream of time
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ITlustrating Al and A2
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X Yer 2t
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(3.19) fr(xr,yr,zr) = fr(xs,ys,zs; (yc’zo)l°¢r’° # s) , each s¢r
and define

s _.r
(3.20) r (XS,yS’zS) =1 (XS,YS,ZS; (Oo)lod)r‘o # s) ’

r
(3-21) =: f (xsaysszs; XS x YS x ZS) ’
r s o
(3.22) =g (xs,f (xs,ys,zs); £ (xS,O,O)lo¢r,0 £ s)
Remarks

i) Since g is } in £ given Xg in (3.22), and X is already

past history at s, fs(~) is just as good a criterion at s as is fs(-).

ii) Clearly (3.20)-(3.22) are calculated by ignoring irrelevant infor-
mation--or, more precisely, setting it at its reference level 0. This
is done explicitly in (3.20), and implicitly in (3.21) which lists the
relevant space Xs X Ys X Zs’ where information should not be written

over in this manner. It is sometimes convenient to write
(3.23) fr(xs,ys,zs; X, x Y x ZS) = T (x,y,.2)

where the ellipsis is understood. This exploits the symmetry about 'j;'

b

in f°(';') while the bar in ?r(xs,ys,zs) reminds one that it is not

. . r
merely a matter of replacing (xr,yr,zr) in f (xr,yr,zr) by (xs,ys,zs),

which would imply an infinite time horizon, a great deal of extra structure,

and essentially constant 'tastes' in the organization.

N

A

(N

) -

in L asda
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Figure 3: Illustrating Al and A2
Time: 0... p-1 p ptl p+t+2

Parity: 6(0).. o(q) e(r) o(s) o(t)

——— W———r

p+3 ... T

o(u) ... o(w)

u -~
t -
Y — etc
/ ~
0 ;{_—' r N
ys \\\ q yr q::L_____
) A
P
AN
.Yq \
Part of the stream of time
¢r ¢2r ¢3P
- Xp» yr’ Zr'_»
= Xgs Yg» z,
« Xpo Yo 2y
- Xy Yur 2y -

a) uptysereq

b) t¢2r, u¢3r, u¢4q, etc. .
c) Xg = (xr,yr), each sé¢r
d) z, = (xs,ys), sér




;{
f o

T iv) One must imagine the normalization carried out with r = 0 first,
then with the r's with 6(r) = 1,2,...,T-1 in turn.

v) Having done so we find

[ (3.24) fr(xr,yr,zr) = gr(xs,fs(xs,ys,zs)|3¢r) s

r t 2
h (xtaf (xt’yt’zt)|t¢ I‘) ’

- (3.25)
L]

(3.26)

-
-

r u 3.y _
K (x,f (xu,yu,zu)lw r) =

say, from (3.14), and

S -
(3.27) £ (x5 »2,) fr(xs,ys,zs; X, x Yo% ZS) fr(xs,ys,zs) » Vs¢r ,

{ (3.28)
f
E (3.29)

from (3.20) and (3.23).

q ) = , 2 1
f (xs,ys,zs, X, x ¥ X ZS) fq(xs,ys,zs) » Vs¢q , 4

b
L
O

=0
. x 4
f xs:ysazsa XS x YS ZS) f (XS,yS,zS) ’ ¥s € R

Remarks ]

Because of Al we were able to choose fo(-) to be continuous. R

’ So therefore is each fr(°). Because Yr is strictly essential, each
¢

r € R:

(3.30) The functions in (3.24)-(3.29) are continuous; and * in their

Y functional arguments,

o
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Figufe 4: Illustrating A3

Time: 0... p~-1 p pt+l pt2

parity: 6{0).. e(q) e(r) e(s) e(t)

Part of the stream of time

or

T Xpo Yp» Zy —
«— xs’ .VS’
«— xt,

a) ugtyesereq

b) t¢2r, u¢3r, u¢4q, etc.

c) x (xr,yr), each sér

S

d) z (xs,ys), sor

r

p+3 ... T

o(u) ... o(w)

¢2V ¢3V
2
(zt)t¢ r
—_—
3
Yi» 2y
n’ Yu Z,
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I now turn to my main assumption

A3 Assumption 3: Two period rolling horizon

(331 £l e =Ty er,ﬁztiw?rn :

¢

vwhich states that the organization looks into the next two periods in detail,

but summarizes what may happen thereafter in the single number Yr.

Since each period is strictly essential, Al implies that we can

normalize to get

(3.32) Y (z |t¢2r) = f7((z,) s mZ.)
t t t¢2r t¢2r t

and

) %

(3.33) ¢(+) continuous , cr((xt,yt)t Qr,-

¢

So far I have paid no attention to possible end effects. From now

on I will have to take them seriously. Let

(3.34) o(R) = {e(r)|r € R} = (0,1,2,...,T)

k]

as in Figure 4. When
(3.35) 8(r) >T -2 ,

(3.36) 1 7, 4is null,
t4°r

so that arguments based on A3 are empty. Hence, the need for care.

PRIV PRLINER ¥

- a4
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Figure 4: Illustrating A3
Time: 0... p-1 P p+tl pt2

Parity: ©(0).. o(q) o{r) o(s) e(t)

Part of the stream of time

or
T Xy Yy zr_a
X Yoo
< xt,
-

a) ugtesereq
b) té¢°r, u¢3r, u¢4q, etc.

n

¢) x (xr,yr), each sér

d) z = (xs,ys), sér

p+3 ... T

ofu) ... 6(w)

etc.

oor ¢3r
(Zt)t¢2r
Zs"ﬂ
Yoo Zy
Xy Yu 2y
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Al-3 imply that we may take the future as separable at all nodes
u  such that
(3.37)  e8f(u) >3 ,

and that this implies that we can write the criterion at u as

u
(3.38) f (yu,zu) when 6(u) > 2 ,

in an appropriate normalization.

Since T > 3, there is an r such that

(3.39)  uwr ,

and

(3.80)  fMx vy ez) = £ AxLy Lz X X Y X 2) vy (3.27)

T, r
(3.L41) = ¢ (xu,Y (yu,zu; Y, x Zu); Xu) .
where c (+) is continuous and ¢ (x ,*) t . Hence,
u
u r 3
(3.42) ¥ (yu,zu) =y (y ez Y X Zu) , upr

is a perfectly good criterion at wu, when 6(u) > 3.
N
It is easily verified that the f'(+) satisfy (3.13), (3.27) and

(3.31) when O(r) > 3, so that we can drop the tildes, and get

.~<

A




is immaterial this will show that the complement of each cell above is
separable and hence h = Zat(yt) + Zet(zt), say, in an appropriate
normalization.

Proof: in terms of sets R1m((B V) A2) V) A3) V) A4

S]m(((B L)A]) ) Az) ) A3) ) A4

h A — . B Sy e e e At Saun Abes iy me Mh e L Jaat e Aot S Sl et B s e e Do M dn T
" & »]
_32- {
F 2
Lo FIGURE 5 [ ]
1 3 5 7
sets
2 4 6 8
[ d
Y] Y2 Y3 Y4
] spaces
Z] Z2 23 Z4
(A
Figure 5: Illustrating (2.5) & (3.44-5)
Given that wt = Xt x Yt js separable, each t, i.e. that each of the [
sets A1 = {1,2}, A2 = {3,4}, A3 = {5,6}, A4 = {7,8} 1is separable,
and that Z = nz, is separable, i.e. that each of the sets B = (2,4,6,8) j
t [
in h(yt,Zt]t = 1,2,3,4), L)
)
I will show that the complementary spaces 1
)
R, = mY¥ x mZ,;S, = nY, x 01 1
L S R = ]
of Y] and Z] respectively are separable. Since the ordering (1,2,3,4) ’

p
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L( r r t .2 ‘87
b * = .
: (3.25) £ (x Y20 = h(x (v 2 ) [07r)
[
S (3.31)% = Uxy,y,) ¥z l68%r)) :
‘! té r ..2
in particular, when
L‘ (3.43) 1<e8(r)<T-3 , .
the functions being continuous; and * in their functional arguments. g
Hence, )
....;2
2
(3.44) 2 3 and Y, x2 , each t6°r ,
t4°r t t t
are separable in fr(°), given (3.43), so that L B
]
(3.85)  flxayaz) = 35(x) L » L (%y) + 65z,))) , sa :
) r’r’’r t/ 2. t % > Yy ]
t¢ r 4
té r et
!
where
(3.46) 3(+) continuous , 3TUx,) »*) * s ;
t 2 L J
tér .
1
(3.47) 1<e(r)<T-3 ,
by the argument sketched in and below Figure 5 opposite. ( .1
Clearly we can normalize to get s
(3.48)  a%(0) = g%0) =0 , v
| J
— . et 4
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FIGURE 5

1 3 5 7

sets
2 4 6 8
Y] Yz Y3 Y4

spaces
Z] 22 23 Z4

Figure 5: Illustrating (2.5) & (3.44-5)

Given that wt = Xt X Yt is separable, each t, i.e. that each of the
sets A1 = {1,2}, A2 = {3,4}, A3 = {5,6}, A4 = {7,8} 1is separable,

and that Z=n2 is separable, i.e. that each of the sets B = (2,4,6,8)

in N(yt’ztlt ],2;3,4)’
1 will show that the complementary spaces

S, = nyY, x nli

R, = mY x n1Z
t Vgt g2t

LIS e

of Y] and Z] respectively are separable. Since the ordering (1,2,3,4)
is immaterial this will show that the complement of each cell above is
separable and hence h = Zat(yt) + Zst(zt), say, in an appropriate

normalization.

Proof: in terms of sets R]m((B LIAZ) u A3) LJA4

S]'\,(((B ul\]) U Az) U A3) U A4




and therefore

t
(3.49)  £(y,,z,)

where kr(') is continuous and *. Hence,

vt _ ors .t _t t
(3.50) £y .z) = 2 (£7(y,2.)) = a’(y ) + 87(z)
is a perfectly good alternative criterion at t, where
(3.51)  27(k"(e)) =e , 1<olr)<T-3 ,
and

(3.52) 3<6(t) <T-1

The next step towards (3.10) is to show that, in a trivial

renormalization,

(3.53) 8%z ) = ] (a®y,) +8%z)) , 3<co(s)<r-2
té¢s -

Assume for the moment that (3.53) holds. Then

(3.5%) ¥y .z) = o®(y,) + 85(2)

] t t
a (ys) + tgs(a (yt) + 8 (zt)) = ...,

I ab(y) + 8%(z,)
tys t t%s t
e(t)fT—l 8(t)=7-1

fr(yt,zt; Y, % Zt) = 37(0; ut(yt) + Bt(zt)) R

: kr(at(yt) + Bt(zt)); tofr , 3 <8(t) <T-1 ,

. a
ceei A amaaa . aea s s aA
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Figure 4: Illustrating A3
Time: 0... -p-1 o ptl p+t2 p+3

parity: 8(0).. o(q) e(r) o(s) o(t) o(u)

Part of the stream of time

or o%r 3r
X5 Yo z — (2, )to°r
A xs’ Y2 Zs'—_>
< X Vi 2y
= X, Yy

a) uptyserea
b) t¢“r, u¢3r, u¢4q, etc.
c) x. = (xr,yr), each sér

d) z

1

(xg,¥g)s sor

| ———1
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!
boae -
v when »
;
E' The proof of (3.53) is illustrated in Figure 4 opposite, where ';
(3.56) téséréq

“ to yield
k.

(3.5 xkHB%(z)) = £5(0,2.) = £7(z 5 2) = (] (a*(y,) + 8%(z)))

tds

(3.58) kU ] 6%z ) = Uz 5 M) =KL (af(y) + 85200

s¢r s¢r t¢2r
where
(3.59) 1 <6(q) <T-1L
Define now
(3.60)  m'(e) = 27(x%e)) , 2<p(r)<T-3 ,
° |
to get 1
(3.61) o™ [ 8%z = I (a%(y,) + 8%(z,)) ,
S¢r t¢2r o
1
(3.62) = 1 Ity + 8%z,
s¢r tos
L J
= Io8%z)) , 2<o(r) <T-3 . 1
s¢ér s -
o
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Figure 4: Illustrating A3

Time: 0... p-1 P p+tl pt2 p+3 ...

Parity: o(0).. o(q) e(r) o(s) o(t) ou) ... o(w)

Part of the stream of time

b)
c)
d)

ér ¢2r ¢3r
= X Yo z, — () to%r
T g Yg» Zg
< X Yi» zy —
X Yy
uptosereq

t¢2r, u¢3r, u¢4q, etc.

Xg = (xr,yr), each sér

Zr = (Xs,ys), S¢r

[ P - -~
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- Since m'(+) is cns and ! tnis implies -.j
C }

(3.63) n'(e) = a € , say, a constant, 2 <6(r) <T-3 , ;
4
®
so that
1
; ]
f (3.64) 8 8%5(z) = ¥ (a¥(y,) + 65(2,)) , 3<0(s) <T-2 ,
. r ] t t - -
- t&s
>‘ LA
when we set y =1z = 0, v¢2r, vws, in (3.56). ]
v ]
Now introduce a set of positive constants bt’ one for each node
-'-'1
with 3 < 8(t) <T -1 such that .
(3.65) ab =b , tosér
‘.3
as we clearly can, and define .
T Y = t = st < - 91
(3.66)  o*(y,) =o'y, , Bz) =1 8%z) , 3ce(t) cT-1 |
L |
]
and hence 1
o o n Wy . ]
(3.67) B (z ) = § (a%(y) +B%z)) , 3<8(r)<T-2 ~
r s S - - Y
sér o
1
Drop the tildes to get (3.53) and (3.54).
Corollary 1 L
1~
In this normalization, when 6(r) > 3, B
o
v
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Figure 6: Illustrating (3.71)
ep-1 - p ptl pt+t2 p+3

o(s) o(t) o(u)

Time: 0...

Parity: o(0).. -.o(q) e(r)

LI

Part of the stream of time ~—~———
. o
or ¢2r ¢3r
« Xps Ypo Zr'—* (zt)t¢2r
T Xgo Ys» Zs
X Vi 2y
T Xy Yur

a) upteseroq

b) to2r, uddr, u¢4q, etc.
c) Xg = (xr,yr), each s¢r
d) z,. = (x5,y,), sor




D AR AR

P
_.4

|
-ly- :
r . .r r -.'*:
& (3.68) f (yr,zr) = a (yr) + B (zr) s S
: (3.69) =o(y )+ Jo(y) + I 8%z ,
] s¢r s¢r .
b
(3.70) = ..., = I o'(y) + ;o 8Yz) S
v v
vér vér .
. 8(v)<T-1 8(v)=T-1
!
' (2.71) = ) av(yv) + ) Gv(e(yw)lwcbr) ‘
vyr vyr 4
8(v)<T-1 8(v)=T-1 :
( -
(3.68)-(3.70) are trivial. To get (3.71) we note that the criterion
function at a terminal point w, with 6(w) = T, may be defined by
g |
y (3.72) My ) =ty ¥ = 8%y 5 ¥.) .
h 3.7 yw o= yw, w = (Yw, w s WOV, .
= Ew(yw) ’
L J
implying (3.71) by (3.24) and (3.31) where
_ (3.73) 5'(e) = g'(0,¢) |
;0 . J
:" In a sense (3.73) advances the terminal point for (3.70) by one ‘
] .
more hesitant step. One can push back the opening value, 6(r), from 3 j
3
L to 2 to get o
[ a
(3.74) £x oy oz) = aT(x,y ) + 87(z) , say , 6(r)=2 ,
.
where :
- }
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Figufe 4: Ilustrating A3
Time: 0... p-1 p ptl p+2 p+3

Parity: ©(0).. o(q) e(r) o(s) o(t) o(u)

Part of the stream of time

or ¢2l‘
T Xps Yp» zr'—»
T Xgo Yg» Zg ™
= X Yio
L d xu’

a) uptesereq
b) t¢°r, u¢3r, u¢4q, etc.
c) x_= (xr,yr), each sér

d z = (xs,ys), sér
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(3.75) B(z) = ] (°(r) + 8(z))

sér

now for 6(r) = 2, as well as 3 < o(r) <T-2 asin (3.67). I will

not spell out the argument here. It is similar to that given above, and

Just as clumsy.

I suspect that such arguments are unnecessary, and that the results

in this section can be derived directly from Theorem 1 in Gorman [1968].

I hope to have a shot at this later.l/

. Additivity over streams

Tastes are learned from experience; organizations presumably

"learn by doing" and may "improve" their criteria in consequence. Separ-

ability over time is doubtfully desirable.

What about additivity over streams, identified by their terminal

nodes w, such that
(4.1) 8(w) =T 2

First, consider a timeless model. By tomorrow we will know in

which of 2k > L states we are in. For the usual reasons, the weak

independence axiom

(4.2) £(z) = g(r'(y) s (y,)5- -+, £ 5(yy)), &(+) continuous and

is acceptable. Now suppose that 1,2,...,2k is a natural order - say
by the rate of inflation, or the % of Democrats in the House. Assume

that one will know ahead of time in which particuler "broad set"

. 1
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Figure 3: Illustrating Al

Time:

Parity: 6(0).. e(q) e(r)

0... p-1 P

/
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Ys . q Yr
”
N
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Part of the stream of time

a)
b)

d)

uptysereq
t¢2r, u¢3r, u¢4q, etc. .
X, = (xr,yr), each sér

z_ = (xs,ys), sér
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and A2
pt1l pt2 p+3 T
o(s) eo(t) ef{u) o{w)
u -
t y ~
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t
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or o%r 8r
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Ygo z,
X Yy 2y
- X2 Yy 24

A ottt s ndh,
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(4.3) 8, = {1,2,...,1<},S2 = {2,3,...,k +1},...,8 ={k+ 1,k +2,...,2k}

1 eIl

the world will be in. These are the bridges, one of which the organization
will soon be called upon to cross. Perhaps it is reasonable to assume each

separable. Call this broad separability. Then

I S

(L.b4) (z) = hj(vmj,kj(vj)) , each hj(°) continuous, h‘j(vm'j

where vs = (yj’yj+l""’yj+k—l)’ Vas its complement.

Call the complement of i

(4.5) i = {1,2,...,1 - 1,i +1,...,2k}

b

and take i < k without loss of generality. When i =1,

(L.6) ol

(.,_((s2 U s3) U Sh)“') US,

When 1 < i < k,

(L.7) ni

i

(..d(s ASi) U s, ) us JuSs

1l +1 i+2°” k

Each ~i is therefore separable and (k.4) yields

2k
(5.8)  f(z) = }

i
f (y.) [
1=1 :

in an appropriate normalization.
A similar treatment yields the same result when there are

2k - 1 > 3 states.

ti e

-
L J

AL

—th

e
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Figure 3: Ilustrating Al and A2

Time: 0... p-1 P ptl pt+t2 p*+3 ... T J
parity: o(0).. e(q) e(r) o(s) o(t) o{u) ... o(w) ':
, . -
t Y s ]
s U el i
Yi ~ °
ys etc
[
'Y i
.1
/ _~
0 zl,f r N
@ Y \\\ q Yy L .
E _ N
! ¥q N
Part of the stream of time
F!:
: or or 3r
té T Xps Yp> 2,
{
« Xg Yoo Zsm>
X Ve 2y
o
v
T Xy Yur zum> 1
[ 1
L a) ugptesereq
' b) to?r, us’r, u¢4q, etc. .
o |
c) Xg = (xr,yr), each sér ;
d) z, = (xs,ys). sér
X
' v
L_ N B e N E
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%{' Note that (4.2) is a result, not an assumption, in this case.
Can one get (4.8), or something like it when the world reveals
itself as in Figure 3 opposite?

E One can, but only by applying broad separability, based on rough
foresight, at least two periods ahead - rather as in A3, In fact, the
simplest assumptions which suggest themselves are Al, A2 and

;‘ A3 Assumption 3%: Broad separability within a two period rolling plan
(4.9) (% _,y_,z) = a((x,) NOARN 8%(x v, 2 |t €5))

r’r’r t t¢2r t’ritens L A

say, for each of the broad sets S of t¢2r defined as in (4.3), ~S
being its complement with respect to the set of t¢2r. Given Al, this

immediately yields

()4.10) fr(xr,yr,zr) = ar((x‘t)t 5 9 22 at(xt,yt,zt)) s Say ,

T 4y
where :
)
(h11)  eT((x) .0 1, -
te r [
b
and we can normalize to get ;
«s
(4.12) at(xt,o,o) =0 , when o(t) > 2, ’1
by absorbing any such term into the blanket (xt) ,  argument in a'(-).
tor
Do so. v
1
v
]
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Figure 3: Illustrating Al and A2

Time: 0... p-1 P p+1

Parity: o(0).. o(q) e(r) o(s)

pt2 pt+3 .o T
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u -
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Part of the stream of time
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- xr, .Yr, ZY' -
« XS, .Yss ZS -
 Xys Yo 2y T
A xu’ Yu> 2y -

a) uptesereq
b) t¢2r, u¢3r, u¢4q, etc. .
c) Xg = (xr,yr), each sér

d) z.= (xs,ys), sér

——
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then yields

(4.13)

(4.1%)

(4.15)

(4.16)

where

(4.17)

when

(4.18)

(4.19)

ft(

n

S
£ (xs,ys,zs)

r
f (xssys’zs; X

S

tés

ar((x ) 2 3') s bs(xsvys,°) B

t té r

o(r) >0 , o(s) >1 ,

Clearly

at(x Y2 )
S i A

8(t) > 2

is a perfectly good criterion at t when

(4.20)

a(t) > 2

I will now prove

Theorem

In a simple renormalization

£5(+) to satisfy (3.27-9) as in Section 3. (L.9)

r 2
xt,yt,zt) = £ x5y, 02,5 X x Y x Zt) , téor ,
t t 2
c (xt,a (xt,yt,zt)) , say , t¢r ,
x Ys x ZS) s say , Sé¢r ,

s t
b (%575 D a®(xg.yy02y)) - say , sor

ct(xt,-) 1 .

acandie e - “

'4
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Figure 3: INlustrating Al and A2 ]
Time: 0... p-1 p ptl1 p+2 p+3 ... T 3
‘4
Parity: o(0).. o(q) e(r) o(s) o(t) | o(u) ... ofw) 3
u - ]
t T 1
u - )
s yt \-———{-::- ,.*
.VS et etc.
/ _~
0 /,w r N
F o ys \\ q yr /____.___/
) A
Pd
N\
Yo N
Q ~—
p
}
P Part of the stream of time
r or o°r $r
4
b P «— xr» .Yrs ZY‘ -
1
“ Xgo Yg» Zg -
- xt’ yt’ Zt -

) v
{ = X Yy z, ™ o
E
L a) uptesereq |
£ .
| b) t¢2r, u¢3r, u¢4q, etc. :

< v

= 1
c) X (xr,yr), each sér i
d) z. = (xg,¥.)s sér
b. v
’ 1
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S t
(h-al) ar(xrsyrszr) = z a (xssysszs) = z a (xt,yt’zt) F e >
s¢r t¢2r

* w
Yo (x ,yw,zw) , when 6(r)>2 ,

wyr v

%
where Z is taken over terminsl nodes w, as foreshadowed in (L4.1).

Remarks

This is virtually what I set out to get. Once again, there is an

end - or rather initial - effect. (L.21) does not apply when 8(r) =0

or 1. In these cases we have

(4.22) fo(yo,zo) = ao((xt)wzo,z*aw(xw,ywazw)) s

(4.23) fr(xr,yr,zr) = br(xr,yr,z* aw(xw,yw,zw)) when 6(r) =1 |,
wyr

by (4.10) and (4.16) respectively.

Proof

The argument is similar to that in Section 3. Once again we set
out to derive a linear relationship via the linearity equation
£(Jx,) = I1(x,).

First solve (k4.1L) for a® and substitute s for t in the

result to get

(h.2h)  o(x,ygz) = i¥x PP xuy .2 ), osay , 1%, B,

(4.25)
tés

Js(xssys: Z at(xtayt’zt)) y S&y Js(xsaysa') t ’

..-44
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Figure 3: Illustrating Al
Time 0... p-1 P

Parity: 6(0).. o(q) o(r)

a)
b)

d)

/

0 !/,/ r
Yg \\ q Yo
< N

.Vq N\

ugptysered

t¢2r, u¢3r, u¢4q, etc. .

Xs

z, = (xs.ys). sor

(xr,yr), each sé¢r

_52_
and A?
p+l p+t2 p+3 T
o(s) eo(t) o(u) 6(w)
u -
t ha dt
yt S~
‘yS / etc.
\_—___
N
..—4’-——-—-
or oor #3r
Zr'—"
.YS, z, -
< Xy i 2y
-« xu’ yu’ zu -
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;.
L'(’ by (4.16). Then solve (4.16) for Z at(xt,yt,zt) and substitute s
A tés
] for t and r for s in the result to get
: s _.r r T .
E! (h.26) Sgra (xs’yS’ZS) =k (xr’yr,f (xr»yrazr)) , say , Kk (xrayrs ) t ’
(h.27) =27 ((x) L. L at(xy,02,) > osey
) £6°r t7t
,‘ té r
“ Fllx) L, .0 b,
tor
LQ when

(4.28) 8(s) >2 , 6(r) >1 respectively

L( Hence,
}
b

t t
{4.29) ) jS(xs,ys, Y a (xt,yt,zt)) = zr((xs’ys)s¢r’ J a (xt,ytzt))
s¢r t¢s to°r
E! Notice the linearity equation beginning to emerge. Take now s¢r
{ and set
3 v
q _ _ 5 ;
{ (b.30) vy =2z, =0 , to°r , tws ,
j to get
4 . {
s t r t | }
(h-3l) J (xsaysa 2 V) (xt’yt’zt)) =L ((ngys)s¢r, z a (xt’yt’zt)) >
t¢s tos
]
L
by (4.12) and (4.25), so that 1
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Figure 3: Illustrating Al and A2

Time: 0... p-1 p ptl p+t2 p+3 ... T
Parity: 6(0).. eo(q) eo(r) o(s) e(t) o(u ... o(w
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t y bl
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t —
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0 z/*’ r N _
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N\
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Part of the stream of time

or 4’2? ¢3Y'
T Xy Yp» 2,
T Xgo Ys» Zg ™
“ Xt’ Vi 2t —
Xy Yy Zy

a) uptesereq
b) te2r, utdr, uslq, etc. .
c) Xg = (xr,yr), each s¢r

d) z. = (x.,y), sér
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(h.32)  350xgay e) = T ((xgsy ) = (x.y ,e) , say

€
s’s¢r’
where, of course,

(4.33) (xr’yr) =x, , each s¢r.

(4.29) therefore becomes

(L.3%) ) mr(xr,yr,es) = mr(xr,yr, ) e) , vhen o(r) > 1
s¢r sér
where
_ t
(h°35) Es = Z a (Xt,yt,zt)
tés

Since mr(xr,yr,-) ! tnis implies
r r
(4.36) m(x,,y ,e) =e (x .5y )e - say e’ > o.

and hence,

]

Js(xs,ys, ) at(xt,yt,zt)) » by (4.25)

(4.37) as(xs,ys,zs)
tés

(4.38) = m"(xr,yr,tgsatut,yt,zt)) , by (b.32)
(4.39) = er(xr,yr) ) at(xt,yt,zt)

té¢s

Now, choose multipliers
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Figure 3: Illustrating Al and A2

Time: 0... p-1 ) ptl pt2

parity: e(0).. o(q) e(r) 8(s) a(t)

3
Ys
/
0 {Lw r.
Y \\ q Yy
. Ay
”~
\
yq N
Part of the stream of time
or
*.‘xr’ yr’ zr—)
- xs’ ys’
<—Xt,

a) uptesereq
b) t¢2r, u¢3r, u¢4q, etc. .
c) Xg = (xr,yr). each sér

d) z.= (xs.ys), sér

p+3 ... T

ve(u) e 6(w)
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(4.%0) Ar(xr,yr) >0 , each r such that O(r) <T-2 |,
. 0
with A (yo) = 1, such that
s s r
(4.b41) A (xs,ys) =e (xs,ys)k (xr,yr) , each s¢r ,
and define
v r t 2
(h.h2)  o¥(x,yp.2,) = A (xLy e (x 0y, 52,.) , each t4°r
to get

Yv LY
(L.43) a (x_,y..z ) = ) at(x SVisZ,) » 2<8(s) <T-1
s’s’'s t7t%t - -
tos
The construction is clearly simple in a model such as that depicted
in Figure ” opposite, that is, given Al. Moreover, (xr,yr) is past history
at t, so that gt(xt,yt,zt) is just as good a criterion there as is
ur(xt,yt,zt). We may, therefore, drop the tildes in (L4.43) and replace s
by r to get the first equation in (4.21). The others follow trivisally.

We have proved the Theorem.

Remarks
"Proved" is a big word. To Justify it I would have to discuss the
range of the e's in (4.34). That might be tricky. I do not think it

would affect the result.
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Figure 3: Illustrating Al and A2

Time: 0... p-1 p ptl pt+t2 pt3 T
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¢c) x_-= (xr,yr), each sér
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(' Footnotes
' * Earlier versions of this paper were read in Johns Hopkins, Stanford,
and the University of California at Berkeley in the Spring of 1980,
and a later version at the London School of Economics in 1981, I am
_ grateful to the auditors for their comments, particularly to Peter
E! Hammond for his suggestion that assumption A2 should be called "con-

_ sistency over time." I had discussed the apparent coincidence that

’ the same normalization should do for time and uncertainty with Kenneth
3 Arrow, Michael Boskin, Frank Hahn, Hugh Rose, Amartya Sen, and John
Wise at various times, and the possible relationship between the
structure of a criterion function and an information tree such as

that depicted in Figure 3 with Bernt Stigum in 1967. I thank them
all, especially Bernt Stigum, and Michael Boskin who pointed out

the importance of A3 at the London School of Economics.

1/ 4+: monotonically increasing: f(y) > f(x) if y >x ,

v

1. strictly increasing: fly) > f(x) if y>x ,

*: very strictly increasing: f(y) > £(x) if y > x. .

Here x 1is a vector. If a scalar, 1 and * coincide. I will
sometimes write "ens" for "continuous."” :

g/ We need to know the potential candidates, too, ahead of time. The 4
path we follow from November depends on what happens at that o
election. 1

3

3/ Often it is the ablest students who believe they did badly in an .

examination, because they realize what they failed to mention.

L/ Note quite true: Samuelson introduces probabilities; I cover time o'
as well as uncertainty and have annoying end effects. .oq

5/ "Topologically separable": a completely different concept from
"separable" as it is used in this paper. It means that the space
contains a countably dense subset - such as the rationals among )
the reals - which can be used in arguments from continuity. v
§/ When I read an earlier version of this paper in Stanford in May

1980, Peter Hammond suggested that A2 should be called the consis-
tency axiom and a case can certainly be made for that. It certainly
implies (3.27) which I had listed as a separate assumption.

1/ Actually, the results can be strengthened for 6(r) < 2.
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